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parameters and the size phenomenon on the pull-in param-
eters are demonstrated.
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1 Introduction

Beam-type micro/nano-electromechanical systems 
(MEMS/NEMS) are increasingly used in several branches 
of engineering and science, i.e. mechanics, chemistry, 
optics, biology, photonics, electronics, etc. Modeling of 
the electromechanical stability of NEMS is crucial for the 
reliable design, fabrication and operation of these devices. 
Many researchers have investigated the pull-in instability 
of NEMS devices [1–5]. Although there are many articles 
focused on modeling the pull-in instability of the conven-
tional NEMS with a simple beam-type electrode [6, 7], 
few efforts have been made for modeling this phenomenon 
in less conventional systems such as the U-shaped and 
double-sided NEMS. In this regard, the present research 
is devoted to the theoretical study of the electromechani-
cal performance of U-shaped and double-sided cantilever 
NEMS sensors.

The U-shaped configuration consists of two parallel 
cantilever micro/nano-beams with a rigid plate attached 
to their free ends. Recently, several studies have investi-
gated the limitations and potential of the U-shaped MEMS/
NEMS as sensors [8], actuators [9], and switches [8–11]. 
Qian et al. [10] developed a U-shaped nanoelectromechani-
cal switch consisting of a capacitive plate supported by 
two silicon nanowires. They presented several remarkable 
advantages of the U-shaped switch such as decreasing the 
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actuation voltage, generation of higher electrostatic force, 
high flexibility, a high ON/OFF current ratio and a repeat-
able switching behavior [10]. Yan [9] and coworkers evalu-
ated the use of the U-shaped actuator as a variable capaci-
tor. They showed that the U-shaped nanostructure provides 
a larger deflection with an improved electrical efficiency. 
Koukharenko et al. [11] studied the mechanical character-
istics of the U-shaped micro-generator using the ANSYS 
software package. More information about the U-shaped 
structure and its advantages in the literature [12–14].

A double-sided NEMS constructed from a movable 
cantilever beam suspended between two fixed actuating 
electrodes. Double-sided NEMS has recently attracted 
much attention due to its promising electromechanical 
performance characteristics such as low power consump-
tion, quick response, etc. [15, 16]. The double-sided driven 
configuration is proposed for the actuation of gyroscopes, 
microphones, comb drives and memory elements [17, 18]. 
The double-sided NEMS are also attractive for detecting 
ultra-small mass, mechanical, electrical, or magnetic forces 
sensing, biological and chemical sensing, tunable electron-
ics, electromechanical filters, capacitors, switches, etc. 
[17]. Fu et al. [16] employed the energy balance approach 
for modeling the oscillation of double-sided microbridges. 
Khan and Akbarzade employed several analytical meth-
ods to study a nonlinear oscillator equation arising in the 
driven, double-sided, electromechanical resonator [19]. 
More useful information about double-sided NEMS can be 
found in Refs. [20, 21].

With recent demands for advanced devices, MEMS/
NEMS capacitive sensors are increasingly used in devel-
oping precise measurement systems. Measurement of the 
angular speed has importance in rotary systems, machines 
and industrial control systems [22]. There are many prom-
ising applications such as fault detection of roller bear-
ings [23], balancing power plant rotating equipment [24], 
measurement of high-speed spindle errors in CNC machin-
ing [25], centrifuge devices for separating the solids from 
liquids [26], etc. Moreover, NEMS can be used as angu-
lar speed sensors in turbomachinery. In these applications, 
the presence of the centrifugal force (the outward pressure 
on an object rotating around a central point) plays a major 
role in determining the electromechanical response of the 
NEMS sensors. Among various types of developed NEMS, 
the U-shaped and double-sided sensors have been con-
sidered as potential capacitive angular speed sensors and 
accelerometers [27–29]. Herein, the effect of the centrifu-
gal force due to the angular velocity is incorporated into the 
pull-in models of the U-shaped and double-sided sensors.

To precisely model the aforementioned nanostructures, 
incorporating the nano-scale phenomena such as the van 
der Waals (vdW) force is crucial. It is well established 
that at nano-scale separations (typically less than a few 

nanometers), the presence of the vdW force substantially 
affects the pull-in instability of NEMS. Many researchers 
have investigated the effect of the vdW force on the adhesion 
and pull-in characteristics of ultra-small systems [30–32]. 
Wang et al. [32] investigated the nanotube parameters such 
as the wire radius on the pull-in instability of nanotweezers 
in the presence of the vdW force. The instability of electro-
mechanical devices due to the vdW force was surveyed by 
Spengen et al. [33]. Farrokhabadi et al. [34] investigated the 
static response and pull-in instability of CNT nanotweezers 
in the presence of the vdW attraction. It should be noted that 
for large separation the Casimir force should be considered 
instead of vdW attraction [35, 36]. Herein, the effect of the 
vdW force is incorporated into our theoretical models.

In addition to the vdW force, the size effect is another 
crucial phenomenon that should be incorporated into the 
theoretical modeling of NEMS. Experiments have dem-
onstrated a hardening trend in the elastic behavior of con-
ductive metals and nanowires as the structural dimensions 
approach the internal material length scale [37, 38]. This 
size-dependency of material characteristics, i.e. the size 
effect, cannot be modeled by the classic continuum mechan-
ics. In this regard, the non-classic higher order theories, such 
as the modified couple stress theory (MCST), are developed 
to address the size effect in continuum mechanics [39]. The 
MCST involves only one material length scale parameter to 
describe the size-dependent behavior of solids. It is simpler 
in comparison with theories with multiple scale-parameters 
such as micropolar, strain gradient, etc. The one length scale 
parameter can be easily determined experimentally or using 
molecular dynamics methods. Hence, it is more conveni-
ence to employ and modeling the size effects. The MCST 
has been used for investigating the size-dependent pull-in 
performance of conventional NEMS [40–43]. In the pre-
sent work, this theory is employed for incorporating the size 
phenomenon in the governing equations of the systems.

The paper is organized as follows. In Sect. 2, the gov-
erning equations of the nanostructures in the vdW regime 
are derived using the MCST. In Sect. 3, the Duan–Adomian 
method (DAM) and the differential quadrature method 
(DQM) are applied to solve these nonlinear equations. 
Finally, the influences of the centrifugal force, size parame-
ter, vdW attraction and the geometry on the instability volt-
age and deflection of the nanosystems are demonstrated in 
Sect. 4.

2  Theory

Figure 1a represents a typical U-shaped sensor made of two 
nanowires that are connected to a rigid plate. This U-shaped 
structure is suspended over the fixed plane and can deflect 
downward by applying an electrostatic attraction between 
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the structure and the ground. The DC voltage between the 
U-shaped structure and the ground plane is V. The nanow-
ire has length L and radius r, and the plate has length a, 
width b and thickness t.

Figure 1b depicts the schematic of the double-sided 
sensor fabricated from a movable cantilever nanowire 
suspended between two fixed plane electrodes. The DC 
voltage difference and initial gap between the movable 
electrode and upper plane are V and D, respectively. The 
potential difference and initial separation between the 
nanowire and the lower ground plane are V̄  and D̄, respec-
tively. The nanowire has length L and radius r. The nanow-
ire can deflect up or down towards either of the fixed planes 
depending on the actuation force.

The structural resultants in an arbitrary wire cross-sec-
tion are shown in Fig. 1c. In this figure, F and M denote the 
internal force and moment at the non-supported end of the 
nanowire (at x = L), respectively.

Now consider the double-sided and U-type sensors in 
the presence of the centrifugal force as shown in Fig. 1d. 
To obtain the equation of motion of the nanowire, Hamil-
ton’s principle is applied to yield the equilibrium for the 
minimum value of free energy as

(1)δ(U − V) = 0,

where δ denotes the variation symbol, U is the strain energy 
and V is the work done by all forces.

2.1  Strain energy

To compute the strain energy of the system, the size-
dependent MCST is used. According to this theory [39], the 
strain energy density can be expressed as [39]

where the variables σij, εij, mij and χij are the stress tensor, 
strain tensor, deviatoric part of the couple stress tensor and 
symmetric part of the curvature tensor, respectively. These 
tensors are determined from the following relations:

(2)ũ = 1

2

(

σijεij + mijχij
)

, (i, j = 1, 2, 3),

(3a)σij = �εmmδij + 2µεij,

(3b)
εij =

1

2

(

(∇u)ij + (∇u)Tij

)

,

(3c)mij = 2l2µχij,

Fig. 1  a The schematic 
representation of the U-shaped 
NEMS, b the schematic repre-
sentation of the double-sided 
NEMS, c internal resultants in 
an arbitrary wire cross-section, 
d the nanostructure in the pres-
ence of the centrifugal force
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where λ, μ and l are the Lamé constant, shear modu-
lus and the material length scale parameter, respectively. 
Also, u and θ are the displacement and rotation vectors, 
respectively.

According to the Euler–Bernoulli beam model, the dis-
placement components for the nanowire is assumed as [44]

Since the pull-in instability often happens at small values 
of deflections, hence to reduce the complexity of math-
ematical model, a small displacement assumption is used 
[45]. Indeed, comparison between the large and small dis-
placement models shows that small-deflection assumption 
produce precise enough results for modeling the pull-in 
instability of cantilever-type systems with low values of the 
gap to length ratio [45]. This is common case in fabrication 
of the cantilever-type systems.

By substitution of Eqs. (3) and (4) into relations (2), 
the following expressions for the main components of the 
strain and stress tensors are obtained as

where Eeff is Young’s modulus.

(3d)χij =
1

2

(

(∇θ)ij + (∇θ)Tij

)

,

(3e)θi =
1

2
(∇ × u)i,

(4)u = −z
∂w(X)

∂X
, v = 0, w = w(X).

(5a)χxy = −1

2

∂2w

∂X2
, χXX = χYY = χZZ = χYZ = χZX = 0,

(5b)mxy = −µl2
∂2w

∂X2
, mXX = mYY = mZZ = mYZ = mXZ = 0,

(5c)εxx = −z
∂2w

∂X2
, εYY = εZZ = εXY = εYZ = εZX = 0,

(5d)σxx = −Eeffz
∂2w

∂X2
, σYY = σZZ = σYZ = σZX = σXY = 0,

for the strain energy in Eq. (1) as

where I is the second moment of the cross-sectional area 
around the Y axis and A is the cross-sectional area of the 
nanowire.

2.2  Work by all forces

The work by all forces in Eq. (1) can be determined by con-
sidering the free-body diagram of the nanowire (Fig. 1c). 
The work by all forces is the summation of the work done 
by the external forces (fext) and the work done by the 
tractions at the non-supported wire end, i.e. the internal 
moment (M) and force (F).

The external forces include the electrostatic and vdW 
attractions. The work done by the external forces, Vfext, can 
be written as

The work done by the internal moment, VM, is obtained 
as

The work done by the internal force, VF, is determined 
as

Finally, the overall work done by the aforementioned 
forces is obtained as

(6)U = 1

2

∫ L

0

(

EeffI + µAl2
)

(

∂2w

∂X2

)2

dX,

(7)Vfext =
∫ L

0

∫ w

0

fextdwdX .

(8)VM =
∫ ∂w(L)

∂X

0

M

(

w(L),
∂w(L)

∂X

)

× d
∂w(L)

∂X
.

(9)VF =
∫ w(L)

0

F

(

w(L),
∂w(L)

∂X

)

× dw(L).

By substituting Eqs. (5a–5d) into Eq. (2), and integrating 
over the length of the nanowire, we can obtain the relation 

(10)

V = Vfext + VM + VF =
∫ L

0

∫ w

0

fextdZdX +
∫ ∂w(L)

∂X

0

M

(

w(L),
∂w(L)

∂X

)

×d
∂w(L)

∂X
+

∫ w(L)

0

F

(

w(L),
∂w(L)

∂X

)

× dw(L).

2.3  Governing equation

By substituting relations (6) and (10) into (1), we can 
obtain the variation as
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Hence, the governing equation for the equilibrium of the 
nanowire is derived from Eq. (11) as

with the following geometric boundary conditions

and the following natural boundary conditions

We emphasize that Eqs. (12b) and (12c) imply zero dis-
placement at the clamped end as well as the force and 
moment balances at the non-supported end of the wire(s). 
The relation of Eq. (12) can be more specialized for each 
sensor by defining fext, M and F. This is accomplished in 
the subsequent subsections.

2.3.1  U‑shaped structure

For each beam element of the U-shaped sensor (Fig. 1a), 
the fext in Eq. (12) is the summation of the electrostatic, 
vdW and centrifugal forces per unit length of the nanowire. 
Thus, fext can be defined as

where felec, fvdW and fRot are the electrostatic, vdW and cen-
trifugal forces, respectively. The electrostatic force terms in 
relation (12) can be determined from the capacitive model 
[46]. Based on capacitive model, the electrostatic energy 

(11)

δ(V − U) =
∫ L

0

[

(

EeffI + µAl2
)∂4w

∂X4
− fext

]

δwdX

−
(

EeffI + µAl2
)∂3w

∂X3
δw

∣

∣

∣

∣

L

0

+
(

EeffI + µAl2
)∂2w

∂X2
δ

(

∂w

∂X

)∣

∣

∣

∣

L

0

− Mδ

(

∂w

∂X

)∣

∣

∣

∣

L

− Fδw|L = 0.

(12a)
(

EeffI + µAl2
)d4w

dX4
= fext

(12b)

w(0) = 0,

dw

dX
(0) = 0,

(12c)

(

EeffI + µAl2
)d2w

dX2
(L) = M,

(

EeffI + µAl2
)d3w

dX3
(L) = −F.

(13)fext = felec + fvdW + fRot,

for a cylindrical conductor parallel to a conductive plane 
(Eelec) is given as [47]

where ε0 and V are the permittivity of vacuum and the 
applied voltage, respectively. Hence, by differentiating the 
electrostatic energy, the electrostatic force per unit length 
of the cylinder, felec, can be obtained from Eq. (14) as

The vdW energy between a cylinder and a flat plane can 
be evaluated as [48]

where H is the Hamaker constant. Therefore, the vdW force 
per unit length of the nanowire, fvdW, is derived by differen-
tiating the energy as

According to D’Alembert’s principal, we can trans-
form an angular speed into an equivalent centrifugal force. 
Hence, the contribution of the centrifugal force can be 
modeled by considering the angular velocity of the sys-
tem. The centrifugal force per unit length of the nanowire, 
caused by rotation of a rotary machine, is determined as 
[28, 29]

where ρ, R, and ω are the density of the nanowire, the 
rotary surface radius and the angular speed of the rotary 
surface, respectively. For the case of R ≫ D, Eq. (18) 
reduces to

By replacing D with D–w in relations (15), (17) and 
using Eq. (19), fext can be defined as

(14)Eelec =
πε0εrLV

2

arccosh
(

1+ D
r

) ,

(15)felec =
πε0εrV

2

√
(D+ 2r)(D)arccosh2

(

1+ D
r

) .

(16)EvdW = −HL

12

√

r

2D3
,

(17)fvdW = H

8

√

r

2D5
,

(18)fRot = πρr2(R± D)ω2,

(19)fRot = πρr2Rω2.

(20)fext = felec+fvdW+fRot =
πε0εrV

2

√
(D− w+ 2r)(D− w)arccosh2

(

1+ D−w
r

)+H

8

√

r

2(D− w)5
+πρr2Rω2.
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For the U-shaped sensor, the stress resultants F and M 
are induced by the electrostatic, vdW and centrifugal forces 
acting on the rigid plate. The exact value of F and M can be 
calculated in the form of a complex function of the domi-
nant parameters; see Appendix. Substituting the exact val-
ues of F and M into Eq. (12c) results in a nonlinear dif-
ferential equation subject to highly complex boundary 
conditions. Unfortunately, this complex equation cannot be 
easily solved using analytical methods. Therefore, a simpli-
fication of F and M is required to achieve an analytically 
solvable equation for the U-shaped system, while retaining 
most of the significant effects.

To obtain a set of appropriate boundary conditions, the 
distributed forces acting on the rigid plate are replaced 
with an equivalent concentrated force acting at a distance 
x̄ from the nanowire tip (the force center). The value of x̄ is 
determined from the x̄ = M/F relation. The details of the 
approach and its validity are presented in Appendix. Based 
on this approach, the boundary conditions in the non-sup-
ported wire end can be obtained as

(21a)(EeffI + µAl2)
d2w

dX2
(L) = ε0εr

4

abV2x̄

(D− w(L)− x̄w′(L))2
+ Habx̄

12π(D− w(L)− x̄w′(L))3
+ ρa2btRω2

4
,

(21b)(EeffI + µAl2)
d3w

dX3
(L) = ε0εr

4

abV2

(D− w(L)− x̄w′(L))2
+ Hab

12π(D− w(L)− x̄w′(L))3
− ρabtRω2

2
.

By substituting Eqs. (20) and (21) into (12), the nondi-
mensional governing equation of the U-shaped sensor can 
be written as

(22a)(1+ δ)
d4ŵ

dx4
= β

√

(

1− ŵ
)[

1+ k
(

1− ŵ
)]

arccosh2
(

1+ 2k
(

1− ŵ
))

+ α
(

1− ŵ
)
5
2

+ ω̄,

(22b)ŵ(0) = ŵ′(0) = 0,

(22c)(1+δ)
d2ŵ

dx2
(1) = ϑΩξτ

[

β

2k
3
2 (1− ŵ(1)−Ωξτ ŵ′(1))2

+ 8α

3k
1
2 (1− ŵ(1)−Ωξτ ŵ′(1))3

+ 2ω̄

Ω

]

,

(22d)(1+δ)
d3ŵ

dx3
(1) = −ϑ

[

β

2k
3
2 (1− ŵ(1)−Ωξτ ŵ′(1))2

+ 8α

3k
1
2 (1− ŵ(1)−Ωξτ ŵ′(1))3

+ 4ω̄

]

.

In Eq. (22), the following dimensionless parameters 
defined as

2.3.2  Double‑sided structure

For the double-sided sensor (Fig. 1b), the fext in Eq. (12) 
is the summation of the electrostatic, vdW and centrifugal 
forces per unit length of the nanowire by considering the 
effects of both upper and lower fixed electrodes. Thus, fext 
can be defined as

(23)

x = X

L
, ŵ

w

D
, ξ = a

D
, τ = D

L
, k = D

2r
,

δ = µAl2

EeffI
= 4µl2

Eeffr
2
, υ = ab

4πrL
,

Ω = x̄

a
, α = Hr

1
2 L4

8
√
2EeffID

7
2

, β = ε0εrπV
2K4

√
2r

1
2EeffID

3
2

,

ω̄ = πρr2L4Rω2

EeffID
.
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where felec1 and fvdW1 are the electrostatic and vdW forces 
between the wire and the upper plane, respectively. felec2 
and fvdW2, denote the electrostatic and vdW forces between 
the wire and the lower plane, respectively. By considering 
the deflection of the nanowire and replacing D with D–w 
in Eqs. (15) and (17), felec1 and fvdW1 can be derived. Simi-
larly felec2 and fvdW2 can be obtained by substituting D with 
ξD + w in relations (15) and (17). The boundary conditions 
for the double-sided sensor are defined as traction free at 
the free end (F = M = 0). Hence, Eq. (12c) is reduced to 
the following relations

(24)fext = felec1 − felec2 + fvdW1 − fvdW2 + fRot,

(25)
d2w

dX2
(L) = d3w

dX3
(L) = 0.

For the double-sided sensor, by using Eqs. (15), (17), (19) and (22), the governing equation of (12) can be finally written 
as

(26a)

(1+ δ)
d4ŵ

dx4
= β

√

(1− ŵ)[1+ k(1− ŵ)]arccosh2(1+ 2k(1− ŵ))

− ηβ
√

(ξ + ŵ)[1+ k(ξ + ŵ)]arccosh2(1+ 2k(ξ + ŵ))
+ α

(1− ŵ)
5
2

− α

(ξ + ŵ)
5
2

+ ω̄,

where the dimensionless parameters are defined as

3  Solution methods

3.1  Duan–Adomian method (DAM)

Recently, Duan [49] has developed a fast decomposi-
tion algorithm that is employed in conjunction with the 
Adomian decomposition method [50] in solving higher 
order boundary value problems. To analytically solve the 

(26b)ŵ(0) = dŵ

dx
(0),

(26c)
d2ŵ

dx2
(1) = d3ŵ

dx3
(1) = 0.

(27a)ξ = D̄

D
, η =

(

V̄

V

)2

.

governing equation of the systems Eqs. (22) and (26), we 
consider the following general form of the fourth-order dif-
ferential equation with the nonlinearity f

(

x, ŵ
)

 as

The solution of Eq. (28a) can be determined as

(28a)
d4ŵ(x)

dx4
= f (x, ŵ(x)),

(28b)ŵ(0) = C1, ŵ′(0) = C2.

(29)

ŵ(x) =
∞
∑

k=1

ŵn(x) = C1 + C2x +
1

2!C3x
2 + 1

3!C4x
3

+
x

∫

0

x
∫

0

x
∫

0

x
∫

0

([ ∞
∑

n=0

fn(x)

])

dxdxdxdx,

where C1, C2, C3 and C4 are the constants of integration. 
Note that in the case of Eq. (12), the values of C1 and C2 
are both zero. Based on the DAM, the polynomials fn(x) are 
determined from the following relation [49, 51] as

where the derivative terms, h(k), and the coefficients, Ck
n, 

satisfy the following recurrence algorithm:

Now, by using relations (29) and (30), the solution of 
Eq. (22) can be presented as

(30)fn =
n

∑

k=1

Ck
nh

(k)(ŵ0),

(31a)Ck
n =







ŵn, k = 1, n ≥ 1,

1
n

n−k
�

j=0

(j + 1)ŵj+1C
k−1
n−1−j, 2 ≤ k ≤ n,

(31b)h(k) = ∂kf

∂ŵk
0

, k ≥ 1.
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(32)

ŵ = 1

2!C3x
2 + 1

3!C4x
3 + 1

4!(1+ δ)

[

β√
1+ k arccos h2(1+ 2k)

+ α + ω̄

]

x4

+ 1

7!(1+ δ)

[

2β
√
k

(1+ k) arccos h3(1+ 2k)
+ β(1+ 2k)

2(1+ k)3/2 arccos h2(1+ 2k)
+ 5α

2

]

[

7C3x
6 + C4x

7
]

+ · · · .

Similarly, the solution of Eq. (26) can be determined as

(33)

ŵ = 1

2!C3x
2 + 1

3!C4x
3 + 1

4!(1+ δ)

[

β√
1+ karccosh2(1+ 2k)

− βη
√
ξ(1+ kξ)arccosh2(1+ 2kξ)

+ α − α
√

ξ5
+ ω̄

]

x4

+ 1

7!(1+ δ)

[

2β
√
k

(1+ k)arccosh3(1+ 2k)
+ 2β

√
kη

ξ(1+ kξ)arccosh3(1+ 2kξ)
+ β(1+ 2k)

2(1+ k)3/2arccosh2(1+ 2k)

+ βη(1+ 2kξ)

2
√

ξ3(1+ kξ)3/2arccosh2(1+ 2kξ)
+ 5α

2
+ 5α

2
√

ξ7

]

[

7C3x
6 + C4x

7
]

+ · · · .

Finally, the constants C3 and C4 are obtained from the 
boundary conditions of (22b, c, d) and (26b, c) for the 
U-shaped and double-sided nanostructures, respectively.

3.2  Differential quadrature method (DQM)

To solve Eqs. (22) and (26) by the DQM, the nanowire is 
discretized into N − 1 segments separated by N nodes. In 
the DQM method, the rth-order derivatives of the function 
f(x) defined as [52]

where the weighed coefficient of rth-order derivatives are 
defined as

where

The sample points of the discrete domain are obtained 
from the Chebyshev–Gauss–Lobatto nodal point formula 
as [52]

(34)
∂r f

∂xr

∣

∣

∣

∣

x=xi =
N
∑

j=1

A
(r)
ij f (xj),

(35)

A1
ij =

M(xi)

(xi − xj)(MXj )
(i, j = 1, 2, . . . ,N; i �= j),

A
(r)
ij =



























r

�

A
(r−1)
ij A

(r)
ij −

A
(r−1)
ij

xi − xj

�

, i �= j

−
N
�

j=1

Aij , i = j(i, j = 1, 2, . . . ,N; 2 ≤ r ≤ N − 1),

(36)M(xi) =
N
∏

j=1;j �=i

(xi − xj).

Now, by using Eqs. (35–37), the solution of Eq. (22) is 
obtained as

(37)xi =
L

2

(

1− cos
i − 1

N − 1
π

)

, i = 1, 2, 3, . . . ,N .

(38a)

(1+ δ)

N
∑

j=1

A
(4)
ij ŵj

= β
√

(1− ŵ)[1+ k(1− ŵ)] arccos h2(1+ 2k(1− ŵ))

+ α

(1− ŵ)
5
2

+ ω̄,

(38b)ŵ1

N
∑

j=1

A
(1)
1j ŵj = 0,

(38c)

(1+ δ)

N
�

j=1

A
(2)
Nj ŵj = ϑΩξτ











β

2k
3
2 (1− ŵN −Ωξτ

N
�

j=1

A
(1)
Nj ŵj)2

+ 8α
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1
2 (1− ŵN −Ωξτ
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(1)
Nj ŵj)3

+ 2ω̄
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,

(38d)

(1+ δ)

N
�

j=1

A
(3)
Nj ŵj = −ϑ











β

2k
3
2 (1− ŵN −Ωξτ

N
�

j=1

A
(1)
Nj ŵj)2

+ 8α
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1
2 (1− ŵN −Ωξτ
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�

j=1

A
(1)
Nj ŵj)3

+ 4ω̄
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Similarly, the solution of Eq. (26) is obtained as

The above algebraic systems of Eqs. (38) and (39) are then 
numerically solved and the nodal deflections are deter-
mined. When the instability occurs, no solution exists for 
Eqs. (38) and (39) and thus the pull-in instability param-
eters of the nanostructures are obtained by plotting the 
NEMS tip deflection versus the applied force.

4  Results and discussion

4.1  Validation

To validate the proposed approaches, the asymptotic limits 
of the theoretical models of the U-shaped and double-sided 

(39a)

(1+ δ)

N
∑

j=1

A
(4)
ij ŵj

= β
√

(1− ŵi)[1+ k(1− ŵi)]arccosh2(1+ 2k(1− ŵi))

− ηβ
√

(ξ − ŵi)[1+ k(ξ − ŵi)]arccosh2(1+ 2k(ξ − ŵi))

+ α

(1− ŵ)
5
2

− α

(ξ − ŵi)
5
2

+ ω̄,

(39b)ŵ1

N
∑

j=1

A
(1)
1j ŵj = 0,

(39c)

N
∑

j=1

A
(2)
Nj ŵj =

N
∑

ij

A
(3)
Nj ŵj = 0.

sensors (Eqs. 22, 26) are compared with the conven-
tional nanostructure as presented in Ref. [53]. The con-
ventional system is made of a cantilever nanowire with a 
circular cross-section suspended over the ground plane 
[53]. Figure 2 presents the variation of the pull-in char-
acteristics of the nanowire versus the size effect param-
eter for a typical conventional [53], asymptotic U-shaped 
(ϑ → 0) and asymptotic double-sided (ξ → ∞) systems. 
It can be shown that if ϑ → 0, then the results of Eq. (22) 
(U-shaped) approaches those of the conventional cantilever 
system. Similar results can be obtained from Eq. (26) (dou-
ble-sided) as ξ → ∞.

Fig. 2  Effect of the size dependence on the pull-in characteristics. Comparison between the conventional, asymptotic U-shaped (ϑ → 0) and 
asymptotic double-sided (ξ → ∞) systems using D/R = 100, α = 0 and ω̄ = 0; a pull-in voltage, b pull-in deflection

Fig. 3  Comparison between the instability voltages determined 
by the developed models and by experiment [54]. Eeff = 0.9 TPa, 
D = 3 μm and R = 23.5 nm
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Furthermore, the validity of the present model is exam-
ined by comparing the theoretical values in the asymptotic 
limit (ϑ → 0, ξ → ∞) with the experimental measure-
ments as reported in the literature. Ke et al. [54] measured 
the instability voltage of the carbon-fabricated probe. The 
comparison between the pull-in voltages, as calculated 
using the present models and as measured by Ke et al. [54], 
is depicted in Fig. 3. As shown, an acceptable agreement 
between the theories and experiment are observed that 

corroborates the validity of the proposed models in mod-
eling the pull-in instability.

4.2  U‑shaped sensors

The electromechanical behavior of a typical cantilever 
U-shaped nanosensor is presented in Fig. 4. Figure 4a 
demonstrates the trend of the nanowire deflection in the 
absence of the vdW and centrifugal forces (α = ω̄ = 0). 

Fig. 4  Displacement of the nanowires for different values of β. 
k = 1, ξ = 0.5, τ = 0.05, ϑ = 0.1, Ω = 0.5, ω̄ = 0 and δ = 0; a no 
vdW and centrifugal forces, b considering the vdW force and no cen-

trifugal force (α = 0.25, ω̄ = 0), c considering the centrifugal force 
and no vdW force (ω̄ = 0.25, α = 0)
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Figure 4b shows the deflection of the wire in the presence 
of the vdW force but in the absence of the centrifugal force 
(ω̄ = 0, α = 0.25). Figure 4c depicts the centerline deflec-
tion of the sensor in the absence of the vdW force but with 
a positive value of the centrifugal force (ω̄ = 0.25, α = 0 ). 
As shown from these figures, a positive value of the cen-
trifugal force decreases the pull-in voltage while slightly 
increasing the pull-in deflection of the sensor.

The relation between ŵtip and β is displayed in Fig. 5. 
As shown from this figure, the vdW force decreases the 
pull-in voltage and pull-in deflection of the sensor. If the 
separation between the nanowire(s) and the plane becomes 
sufficiently large (micro-scale), the electrostatic force pre-
dominates and the vdW force can be neglected. However, 
the combined effects of the electrostatic and vdW forces 
should be taken into account if the gap is of the order of 
several nanometers.

Figure 6 presents the pull-in voltage of the sensor as a 
function of the centrifugal force. This figure shows that 
for positive values of the centrifugal force, the pull-in 
voltage decreases as the angular speed increases. On the 
other hand, for negative values of the centrifugal force, an 
increase in the angular velocity increases the instability 
threshold of the systems.

To exhibit the effect of the rigid plate geometry on the 
stability of the U-shaped sensor, the variation of the pull-
in voltage as a function of the geometric parameter ϑ is 
plotted in Fig. 7. The geometric parameter ϑ represents the 
ratio between the plate surface area to the nanowire surface 
area. It can be shown that the pull-in voltage (βPI) decreases 
with increasing ϑ. This implies that an increase in the plate 
surface increases the external forces and decreases the sta-
bility threshold of the sensor. Moreover, Fig. 6 shows that 
the effect of the vdW force on the instability is more pro-
nounced for larger values of ϑ.

Figure 8 displays the effect of the size phenomenon 
on the pull-in performance of the U-shaped sensor. 
The effect of the size phenomenon should be incorpo-
rated for precise modeling of the sensors fabricated 
from size-dependent materials such as conductive met-
als [37, 38]. As shown in this figure, an increase in the 
size parameter (δ) increases the instability voltage of the 
sensor. Furthermore, this figure shows that the effect of 
the size phenomenon on the instability of the U-shaped 
nanostructure is more pronounced for higher values of ϑ 
(large plates).

For a freestanding sensor, i.e. no Coulomb attraction, 
when the vdW parameter α exceeds the critical value (αcr), 
no solution exists for the wire(s) deflection, i.e. the wire(s) 
collapses onto and adheres to the fixed ground. The maxi-
mum permissible length of the nanowire, Lmax, to avoid the 
adherence is crucial in the design and fabrication of minia-
ture sensors [44, 55]. The value of Lmax can be determined 

by computing αcr (by considering β = 0 and solving Eq. 
(22) for the U-shaped structure), and then substituting αcr 
into the definition of α (Eq. 23). The variation of Lmax for 
a typical freestanding U-shaped graphite sensor as a func-
tion of the nanowire radius and initial gap is shown in 
Fig. 9 in the absence of the centrifugal force. As shown, 
increasing the gap and diameter of the nanowire leads to a 
significant increase in the maximum permissible length of 
the wires.

Fig. 5  The tip deflection of the nanowires versus β for different val-
ues of α (k = 0.5, ξ = 0.3, τ = 0.02, ϑ = 0.03, Ω = 0.5, ω̄ = 0 and 
δ = 0)

Fig. 6  The variation of βPI versus ω̄ for different δ values (k = 1, 
ξ = 0.3, τ = 0.02, Ω = 0.5, ϑ = 0.1 and α = 0.05)
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Similarly, the variation of Lmax for a typical freestanding 
U-shaped graphite sensor as a function of the rotary surface 
radius and the angular speed of the rotary surface is shown 
in Fig. 10. The values of R = 5 cm, R = 0.5 m and R = 5 m 
corresponds to the radii of a typical centrifuge rotor, an 
airplane propeller and a helicopter blade, respectively. 
According to Fig. 10, for a small separation (D = 10 nm), 
the angular speed of rotary surface does not substantially 
affect the value of Lmax of the nanowire. While, at larger 

distances (D = 50 nm), increasing the angular speed 
leads to a significant decrease in the value of Lmax of the 
nanowire.

4.3  Double‑sided sensor

Figure 11a depicts the trend of the nanowire deflection for a 
typical double-sided sensor in the absence of the vdW and 
centrifugal forces (α = ω̄ = 0). The values of the param-
eters are selected as k = 1.5, ξ = 2, η = 1.5 and δ = 0. 
Figure 11b, c shows the deflection of the nanowire (ŵ) in 
the presence of the vdW force (α = 0.4, ω̄ = 0) and for a 

Fig. 7  The variation of the pull-in voltage versus ϑ for different val-
ues of α (k = 0.5, ξ = 0.3, τ = 0.02, Ω = 0.5, ω̄ = 0 and δ = 0)

Fig. 8  The variation of the βPI versus δ for different values of ϑ 
(k = 0.5, ξ = 0.3, τ = 0.02, Ω = 0.5, ω̄ = 0 and α = 0.1)

Fig. 9  Variation of Lmax as a function of the radius of the nanowires 
and the initial gap in the absence of the centrifugal force (ω̄ = 0) 
using δ = 0, a = 10 nm and b = 40 nm

Fig. 10  Variation of Lmax as a function of the angular speed of rotary 
surface and the initial gap for U-shaped nanosensors (ρ = 2.1 g/cm3, 
δ = 0, r = 100 nm, a = 200 nm and b = 600 nm)
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positive value of the centrifugal force (ω̄ = 0.25, α = 0), 
respectively. Comparison between Fig. 11a, c shows that 
the positive value of the centrifugal force decreases the 
pull-in voltage while increasing the pull-in deflection of 
the sensor. On the other hand, the vdW force decreases the 
instability voltage of the system. Moreover, these figures 
show the initial deflection due to the vdW force, even when 
no electrostatic force has been applied.

Figure 12 depicts the variation of the tip deflection 
(ŵtip) versus the nondimensional voltage (β) for several 
values of the vdW force (α). As shown, for any applied 
voltage, where β ≤ βPI, solutions exist for ŵtip. On the 
other hand, when β > βPI, no solution exists for ŵtip. 
This implies the occurrence of the instability, i.e. when 
the nanowire collapses onto and adheres to the fixed 
plane. At the instability threshold, the slope of the curves 

Fig. 11  Displacement variation of the nanowire for different values of β (k = 1.5, ξ = 2, η = 1.5, and δ = 0); a neglecting the vdW and cen-
trifugal forces, b considering the vdW force (ω̄ = 0, α = 0.4), c considering the centrifugal force (ω̄ = 0.25, α = 0)
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approaches infinity (dŵtip/dβ → ∞) which implies the 
feasibility of further deflection even without any increase 
in the electrostatic and, or, the vdW force(s). Also, 
Fig. 12 demonstrates that an increase of the vdW param-
eter (α) decreases the maximum tip displacement (ŵtip) of 
the nanowire.

The variation of the pull-in voltage of the double-
sided sensor as a function of the centrifugal force 
is presented in Fig. 13 for various values of the size 
parameter. In this figure, both positive and nega-
tive values of the centrifugal force are considered. 
As shown, a negative centrifugal force increases the 
pull-in voltage (βPI) while a positive centrifugal force 
decreases the instability voltage of the sensor. In other 
words, for positive values of the centrifugal force, an 
increase in the angular speed leads to a decrease of the 
pull-in voltage. On the other hand, increasing the angu-
lar velocity increases the stability threshold of the sys-
tems for negative values of the centrifugal force.

To examine the effect of geometry on the behavior of the 
double-sided sensor, variation of βPI as a function of ξ is 
presented in Fig. 14 for various values of the vdW param-
eter α. The dimensionless parameter ξ represents the ratio 
between D̄ and D. As shown, decreasing ξ increases the 
pull-in instability voltage. This reveals that decreasing the 
difference between D and D̄ can stabilize the sensor. This is 
because the upper surface neutralizes the attractive effect of 
the lower surface.

Figure 15 displays the effect of the size parameter δ 
on the instability voltage of the nanowire. The zero value 
of δ corresponds to the classic continuum theory, i.e. the 
nanowire diameter is much larger than the intrinsic mate-
rial length scale (l). According to Fig. 14, an increase in the 
size parameter (δ) increases the pull-in voltage of the sen-
sor. Also, Fig. 14 shows the pull-in voltage decreases for an 
increase in ξ.

The value of Lmax can be determined by computing αcr 
(considering β = 0 and solving Eq. 24 for the double-sided 
structure), and then substituting αcr into the definition of α 
(Eq. 23). The variation of Lmax for a typical freestanding 
double-sided graphite sensor as a function of the nanowire 
radius and initial gap is shown in Fig. 16 by neglecting the 
centrifugal force. As shown in Fig. 16, increasing the gap 
distance and the diameter of nanowire leads to a signifi-
cant increase in maximum permissible length of the wire 
Lmax.

To examine the effect of the centrifugal force on the 
behavior of the freestanding double-sided sensor, vari-
ation of Lmax versus the rotary surface radius and the 
angular speed for a typical centrifuge rotor (R = 5 cm), 
airplane propeller (R = 0.5 m), and helicopter blade 

(R = 5 m) is depicted in Fig. 17. As shown, increasing 
the angular speed and the rotation radius leads to a sig-
nificant decrease in Lmax. Moreover, the centrifugal force 
does not considerably alter Lmax of sensors with a small 
separation (D = 10 nm). However, at larger distances 
(D = 50 nm), the effect of the centrifugal force on Lmax is 
more pronounced.

Fig. 12  The variation of ŵtip versus β for various α values (k = 2.0, 
ξ = 2.0, η = 1.0, ω̄ = 0 and δ = 0)

Fig. 13  The variation of the βPI versus ω̄ for different values of ξ 
(k = 0.5, η = 1.0, α = 0.5 and ξ = 0)
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5  Conclusions

Herein, the modified couple stress theory was applied 
for modeling the effect of the centrifugal force on the 
electromechanical instability of U-shaped and double-
sided sensors incorporating the size-dependency and 
the vdW force. A general continuum model was devel-
oped and the governing equation of each nanostructure 
was solved using two different solution methods. A 
good agreement between the results of the numerical 

Fig. 14  The variation of the pull-in voltage versus ξ using k = 1.5, 
η = 1.0, ω̄ = 0, δ = 0, α = 0, α = 0.4 and α = 0.8

Fig. 15  The variation of the βPI versus δ (k = 2.0, η = 1.0, ω̄ = 0, 
α = 0.5, ξ = 1.1, ξ = 2.0, ξ = 6.0)

Fig. 16  Variation of Lmax as a function of the wire diameter and ini-
tial gap (η = 1.0 and ξ = 1.01)

Fig. 17  Variation of Lmax as a function of the angular speed of the 
rotary surface and the initial gap (ρ = 2.1 g/cm3, δ = 0, r = 100 nm, 
η = 1.0 and ξ = 2)

Fig. 18  Typical rigid plate and the integration element; a Top view, 
b side view
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and analytic methods was observed. It was found that 
for positive values of the centrifugal force, the pull-in 
voltage decreases as the angular speed increases. On the 
other hand, for negative values of the centrifugal force, 
increases in the angular velocity increases the stability 
threshold of the systems. The variation of the detach-
ment length of the freestanding sensors as a function 
of the centrifugal force was determined. It was found 
that the vdW attraction decreases, while the size effect 
increases, the pull-in voltage of the sensors. The pull-in 
voltage was significantly affected by the geometric char-
acteristics of the nanostructures. The proposed approach 
and the obtained results are advantageous for the design 
and fabrication of U-shaped and double-sided angular 
speed measurement systems.

Appendix 1: Simplified boundary conditions 
of U‑shaped structure

In Eq. (12), the force F and moment M are the summation 
of the force and moment due to the electrostatic, vdW and 
centrifugal forces which are calculated by integrating over 
the rigid plate area. Consider a typical rigid plate (Fig. 18) 
with the length a and width b, respectively.

The electrostatic, vdW and centrifugal forces acting on a 
differential element can be determined as

(40a)dFelec =
ε0V

2b

2(D− w(L)− x sin (ϕ))2
dx,

(40b)
dFvdW = Hb

6π(D− w(L)− x sin (ϕ))3
dx,

Fig. 19  The variation of Ω versus ŵ and dŵ/dx using τ = 0.01; a the vdW force (ξ = 0.1), b the vdW force (ξ = 10), c the electrostatic force 
(ξ = 0.1), d the electrostatic force (ξ = 10)

Table 1  The average value of 
Ω for different geometries

vdW, ξ = 0.1 vdW, ξ = 10.0 Electrostatic, ξ = 0.1 Electrostatic, ξ = 10.0

Mean value of Ω 0.500 0.508 0.500 0.511

Max difference for F (%) 0.0 0.20 0 0

Max difference for M (%) 0.0 1.80 0.05 2.06



2145J Braz. Soc. Mech. Sci. Eng. (2016) 38:2129–2148 

1 3

where ϕ is the plate rotating angle that is determined from 
the following relation as

Therefore the electrostatic, vdW and centrifugal 
moments acting on each element are defined as

By using Eq. (40), the electrostatic, vdW and centrifugal 
forces can be determined as

(40c)dFRot = ρbtRω2dx,

(41)tan(ϕ) = w′(L).

(42a)dMelec =
ε0V

2b

2(D− w(L)− xsin(ϕ))2
xcos(ϕ)dx,

(42b)
dMvdW = Hb

6π(D− w(L)− xsin(ϕ))3
xcos(ϕ)dx,

(42c)dMRot = ρbtRω2xcos(ϕ)dx.

and for the moment as

(43a)

Felec =
∫ a

0

ε0V
2b

2(D− w(L)− x sin (ϕ))2
dx

= ε0εr

2

abV2

(

D− w(L)− a

√

w′2(L)
1+w′2(L)

)

(D− w(L))

,

(43b)

FvdW =
∫ a

0

Hb

6π(D− w(L)− x sin (ϕ))3
dx

=
Hab

[

2D− 2w(L)− a

√

w′2(L)
1+w′2(L)

]

12π
(

D− w(L)− a

√

w′2(L)
1+w′2(L)

)2

(D− w(L))2
,

(43c)FRot =
a

∫

0

ρbtRω2dx = ρabtRω2,

Fig. 20  The variation of the Ω versus ξ using the pull-in parameters; a the vdW force, b the electrostatic force

(44a)

Melec =
� a

0

ε0V
2b

2(D− w(L)− x sin (ϕ))2
x cos (ϕ)dx

= ε0εrabV
2

2

�

1
1+w′2(L)

�

D−w(L)
a

−
�

w′2(L)
1+w′2(L)

�

Ln





D−w(L)−a

�

w′2(L)
1+w′2(L)

D−w(L)



+ w′(L)
1+w′2(L)

w′2(L)
1+w′2(L)

�

D− w(L)−
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a2w′2(L)
1+w′2(L)
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(44b)MvdW =
∫ a

0

Hb

6π(D− w(L)− x sin (ϕ))3
x cos (ϕ)dx =

Ha2b
√

1
1+w′2(L)

12π
(

D− w(L)− a

√

w′2(L)
1+w′2(L)

)2

(D− w(L))

,

The above relations describe the total forces and 
moments induced by the rigid plate. It should be noted 
that half of the forces and moment resultants should be 
considered as the contribution of each nanowire. By sub-
stituting Eqs. (44) and (45) into (12c) and using relations 
(23), the nondimensional exact boundary conditions are 
obtained as

(44c)

MRot =
a

∫

0

ρbtRω2xcos(ϕ)dx =
√

1

1+ w′2(L)
ρa2btRω2.

(45a)

(1+ δ)
d2ŵ

dx2
(1) =

βτϑ

[

(1−ŵ(1))
√

1+τ 2ŵ′2(1)
ξ

− τ ŵ′(1)

]

Ln

[

1− ξτ ŵ′(1)
(1−ŵ(1))

√
1+τ 2ŵ′2(1)

]

+ τ ŵ′(1)

2k
3
2 τ 2ŵ′2(1)(1− ŵ(1)− ξτ ŵ′(1)√

1+τ 2ŵ′2(1)
)

+
4ατξϑ 1√

1+τ 2ŵ′2(1)

3k
1
2 (1− ŵ(1))(1− ŵ(1)− ξτ ŵ′(1)√

1+τ 2ŵ′2(1)
)2

+ 2τξϑ āz
√

1+ τ 2ŵ′2(1)
,

(45b)(1+δ)
d3ŵ

dx3
(1) = − βϑ

2k
3
2 (1− ŵ(1)− ξτ ŵ′(1)√

1+τ 2ŵ′2(1)
)(1− ŵ(1))

−
8αϑ(2− 2ŵ(1)− ξτ ŵ′(1)√

1+τ 2ŵ′2(1)
)

3k
1
2 (1− ŵ(1))2(1− ŵ(1)− ξτ ŵ′(1)√

1+τ 2ŵ′2(1)
)2

− 4ϑ āZ .

Eq. (45a) is very complex, hence it cannot easily be 
used to find the solution of Eq. (22a). To obtain appro-
priate, simplified set of boundary conditions, the dis-
tributed forces acting on the rigid plate are replaced 
with an equivalent concentrated force acting at the force 
center (x̄ from the beam tip). For any given values of 
ŵ(1) and ŵ′(1), the value of the dimensionless x̄ (Ω) is 
obtained by equating the exact and approximate val-
ues of the force resultant (right-hand sides of Eqs. 22c 
and 45a). Figure 19 shows the variation of Ω for a 
wide range of values of the wire tip deflection and tip 

slope. This figure reveals that Ω is approximately con-
stant for wide ranges of the deflection and slope val-
ues. The average values of Ω for different conditions of 
Fig. 19 are presented in Table 1. This table reveals that 
the overall error of the simplification is less than 2 % 
which is in the acceptable range. Moreover, variation of 
the parameter Ω for a wide range of geometries (ξ) is 
shown in Fig. 20. As shown, Ω is between 0.5 and 0.516 
for the vdW force and between 0.5 and 0.525 for the 
electrostatic force. It can be concluded from this figure 
that for any geometry (ξ), a constant value of Ω can be 
approximately determined.
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