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Abstract A mathematical model is used to study the

effects of the electrostatic, Casimir and centrifugal forces

on the static behaviors of the two U-shaped NEMS with

rectangular and circular geometries. The size-dependent

equations are obtained by employing the consistent couple

stress theory (CCST). The D’Alembert principle is used to

transform the angular speed into an equivalent static cen-

trifugal force. The equivalent boundary condition tech-

nique is applied for obtaining the governing equation of the

U-shape actuator. The nonlinear equations are solved by

two different approaches, i.e., using a distributed parameter

model (in conjunction with Rayleigh–Ritz solution

method) and a lumped parameter model. The model is

validated by comparing the obtained results with those of

experiment as well as finite element simulation. The effect

of various parameters on the instability threshold and

characteristics of the system is discussed. The obtained

results are beneficial for design and fabrication of

U-shaped sensors.

Keywords U-shaped NEMS � Centrifugal force �
Consistent couple stress theory � Casimir attraction

1 Introduction

Beam-type micro/nano-electromechanical systems

(MEMS/NEMS) are used in various engineering and sci-

ence categories, i.e., mechanics, chemistry, optics, biology,

photonics, electronics, sensing, etc. These systems are

increasingly employed in innovating new nano-devices

such as actuators, resonators, robots, biosensors, actuators,

accelerometer, and tweezers. (Ke and Espinosa 2006;

Keivani et al. 2016a). The pull-in instability analysis of

miniature actuators is carried out in many studies for reli-

able design, fabrication and operation of these

devices (Rezazadeh et al. 2015; Zhu 2010; Lin and Zhao

2008; Keivani et al. 2016a, b, c, d, e; Mouloodi et al. 2014;

Farrokhabadi et al. 2015). The present work is devoted to

study the pull-in behavior of the U-shaped NEMS.

Recently, some studies have been conducted on the limi-

tations and potentials of using U-shaped MEMS/NEMS

(Latorre et al. 1999; Yan et al. 2004; Latorre et al. 1999;

Yan et al. 2004; Qian et al. 2012; Koukharenko et al.

2006; Keivani et al. 2016d; Lee 2007; Kopka et al. 2000;

Keplinger et al. 2005). Qian et al. studied performance of

the U-shaped NEMS consisted of a capacitive rigid plate

supported by two silicon nanowires (Qian et al. 2012). The

U-shaped actuator for capacitive applications with

adjustable tuning range is studied by Yan and cowork-

ers (Yan et al. 2004). They showed that U-shaped struc-

tures provide enhanced electrical performance.

Koukharenko et al. applied ANSYS software and surveyed

the mechanical characteristics of the silicon U-shaped

micro-generator (Koukharenko et al. 2006). Keivani et al.

investigated the impacts of the vdW force and centrifugal

force on the static behavior of the U-shaped and double

sided nano-actuators (Keivani et al. 2016d). They applied

the modified couple-stress theory (MCST) for deriving the
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governing equations and demonstrated that the vdW force

decreases the external pull-in voltage of the system.

MEMS/NEMS capacitive sensors are progressively used

in modern measurement systems. These devices can be

used in fault detection of roller bearing (Renaudin et al.

2010), balancing power plant rotating equipment (Lebold

et al. 2004), measurement of high-speed spindle errors in

CNC (Jywe and Chen 2005), centrifuge devices for sepa-

rating the solids form liquids (Huang et al. 2009), and

angular speed detection of turbomachinery. In addition,

calculating the angular speed is very crucial in rotary

systems, working machines, and industrial control systems

(Bodson et al. 1995). In the above mentioned applications,

the presence of centrifugal force (the outward pressure on

an object rotating around a central point) can significantly

change the electromechanical response of the NEMS sen-

sors. It is worth mentioning that, the U-shaped sensors have

been considered as potential capacitive angular speed

sensors and accelerometers (Hou et al. 2010; Azimloo et al.

2014; Shah-Mohammadi-Azar et al. 2013). In this paper,

the impact of centrifugal force due to angular velocity on

the pull-in behavior of the U-shaped sensors is investi-

gated. The Casimir force (vacuum fluctuations) affects the

pull-in behavior of NEMS at the nano-scale separations.

Many researchers have been studied the effect of Casimir

force on the pull-in instability of NEMSs (Lin and Zhao

2005; Mokhtari et al. 2015; Farrokhabadi et al. 2015;

Keivani et al. 2016b; Abdi et al. 2011). Herein, the effect of

Casimir force is incorporated in theoretical modeling of the

U-shaped NEMS.

Besides the Casimir force, the size dependency is

another small-scale phenomenon that might affect the

performance of NEMSs, hence should be incorporated in

theoretical models. Experiments demonstrate a hardening

trend in mechanical characteristic of conductive metals as

the dimension reduces to sub-micron (Lam et al. 2003;

McFarland and Colton 2005). The classical continuum

theory cannot incorporate the size dependency in the con-

stitutive equations. So, the non-classical theories, such as

non-local elasticity (Eringen and Edelen 1972), couple-

stress theory (Ejike 1969), strain gradient theory (Lam

et al. 2003), modified couple-stress theory (Yang et al.

2002), and consistent couple stress theory (Hadjesfandiari

and Dargush 2011), have been used to consider the size

effect in theoretical continuum models. According to the

modified couple stress theory, which has been employed by

many researchers to investigate miniature structures

(Mokhtari et al. 2015; Baghani 2012; Zhang and Fu 2012),

the materials are in equilibrium if the applied forces,

classical couples, and moments of couples equal zero. The

last premise is just an assumption and was not considered

in the classical elasticity theories. Although the theory

predicts stiffer models of micro/nanostructures, its cor-

rectness is still under question. So, some researchers tried

to find another more reasonable solution for this problem.

Recently, Hadjesfandiari and Dargush dominate over this

issue by using true continuum kinematical displacement

and rotation (Hadjesfandiari and Dargush 2011). They

showed that the body force and body couple are not dis-

tinguishable from each other and the body couple trans-

forms to the equivalent body force (Hadjesfandiari and

Dargush 2011; Fakhrabadi and Yang 2015).

This work demonstrates the impact of Casimir force and

size phenomenon on the electromechanical instability of

U-shaped NEMS in the presence of the centrifugal force.

The size effect is modeled using the consistent couple

stress theory. The nonlinear governing equations of the

nanostructures are derived. The Rayleigh–Ritz method

(RRM), and lumped parameter model (LPM) are applied to

solve the nonlinear equations.

2 Theory

Figure 1a, b show the schematic view of typical NEMS

consist of a conductive movable U-shaped element sus-

pended over a fixed plane electrode. The U-shaped element

constructed from two cantilever nanobeams or nanowires

stick to a rectangular plate. The DC voltage difference and

initial gap between the U-shaped element and the fixed

electrode are V and D, respectively. The length, width, and

thickness of nano-beam are L, h, and t, respectively. Sim-

ilarly, the nano-wire length is L and its radius is r

The free-body diagram of the beam/wire cross-section is

shown in Fig. 1c that represents the internal structural

resultants; in this figure, F and M indicate the force and

moment at the free end of the nanobeam/wire (x = L),

respectively.

2.1 Fundamentals of Consistent Couple Stress

Theory

In the CCST, the equilibrium of the linear isotropic

materials are formulated as the following (Hadjesfandiari

and Dargush 2011):

rij;j þ Fi ¼ 0 ð1aÞ

lji;i þ eijkrjk þ Ci ¼ 0 ð1bÞ

where eijk, rij and lij are the permutation tensor, force-

stress tensor (classical), and couple stress tensors. In

addition, Fi represent the body force per unit volume of the

body and Ci is the body couple per unit volume of the

body.
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Based on the CCST, the stress tensor is generally non-

symmetric. So, it can be decomposed to the symmetric and

skew-symmetric components.

rij ¼ rðijÞ þ r½ij� ð2Þ

where rðijÞ is the symmetric part and r½ij� is the skew-

symmetric part of the force-stress tensor.

Hadjesfandiari and Dargush demonstrated that the cou-

ple stress for the isotropic linear materials can be defined as

the following (Hadjesfandiari and Dargush 2011)

mi ¼ �8gki: ð3Þ

The above equation demonstrates that the CCST for

the isotropic linear materials has only one extra size-

dependent parameter. The ratio is the constant and

makes difference between the classical and the CCST.

For the zero value of size-dependent parameter, l, the

latter reduces to the former. Furthermore, Hadjesfandiari

and Dargush (2011) proved that the skew-symmetric

component of the stress tensor can be written as the

following:

r½ij� ¼ �m½i;j� ð4Þ

Therefore, the strain energy density can be defined as

the following (see Keivani et al. 2016c for more

information):

�U ¼ 1

2
ðrðijÞeij þ lijjijÞ ð5Þ

2.2 Nonlinear Governing Equation

The governing equation of the system can be derived

from the total energy of one of the beam/wire elements.

The total energy includes the strain energy, work done

by external forces, internal resultants, and centrifugal

force.

2.2.1 Strain Energy of the Beam/Wire

For an Euler–Bernoulli beam/wire, the displacement field

can be expressed as:

u1 ¼ �Z
ow

oX
; u2 ¼ 0; u3 ¼ w ð6Þ

where w is the centerline deflection of the beam/wire in the

z direction and u1, u2, and u3 are the displacement com-

ponents in the X, Y, and Z directions, respectively.

By considering small deformation, and substituting the

displacement field of the Euler–Bernoulli beam/wire and

applying Eq. (3) one can obtains (see Keivani et al. 2016c

for more information):

Fig. 1 The schematic representation of a U-shaped NEMS made of nanobeam, b U-shaped NEMS made of nanowire, c internal resultants in

arbitrary cross-section, d NEMS structure under the presents of centrifugal force
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jXY ¼ jYX ¼ � 1

2

o2w

oX2
;

jXX ¼ jYY ¼ jZZ ¼ jYZ ¼ jZY ¼ jZX ¼ jXZ ¼ 0

ð7aÞ

lXY ¼ �lYX ¼ 4ll2
o2w

oX2
;

lXX ¼ lYY ¼ lZZ ¼ lYZ ¼ lZY ¼ lZX ¼ lXZ ¼ 0

ð7bÞ

eXX ¼ �Z
o2w

oX2
; eZZ ¼ eYY ¼ eXY ¼ eYZ ¼ eZX ¼ 0 ð7cÞ

rXX ¼ �EZ
o2w

oX2
; rZZ ¼ rYY ¼ rXY ¼ rYZ ¼ rZX ¼ 0

ð7dÞ

By substituting Eq. (7) in Eq. (5) after some elabora-

tions and integrating over the beam/wire volume, the

bending strain energy is obtained as the following:

U ¼ 1

2

ZL

0

Z
A

4ll2
o2w

oX2

1

2

o2w

oX2

� �
� 4ll2

o2w

oX2
� 1

2

o2w

oX2

� ��

�z
o2w

oX2
�zE

o2w

oX2

� ��
dAdX

¼ 1

2

ZL

0

EI þ 4lAl2
� � o2w

oX2

� �2
" #

dX

ð8Þ

2.2.2 Work Done by External Forces

For each beam/wire element, the work done by external

forces,Vfext
, can be determined as

Vfext
¼
ZL

0

Zw

0

fextdwdX ð9Þ

where the external forces, fext, (9) is the summation of the

electrostatic and Casimir forces per unit length of the

beam/wire.

The electrostatic force in relation (9) can be determined

from the capacitive model (Jackson 1998). Based on

capacitive model, the electrical attraction per unit length of

the beam, felec, in the case of nanobeam is expressed as

(Gupta 1997):

felec ¼
e0 erhV2

2D2
1 þ 0:65

D

h

� �
; ð10Þ

where e0, er, h, D, and V are the permittivity of vacuum,

dielectric constant, the beam width, the gap distance, and

the applied voltage, respectively. According to parallel

plate model, the Casimir force per unit length fCas, is

derived by differentiating the energy as (2015)

fCas ¼
p2hch

240D4
; ð11Þ

where h ¼ 1:05457 � 10�34 J:s is the reduced Planck’s

constant and c = 2.998 9 108 m/s is the speed of light.

Similarly, for the U-shaped element made of nanowire

(Fig. 1b), the electrostatic force in relation (9) can be

determined from the capacitive model as the following

(Hayt 1981):

felec ¼
pe0erV2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðDþ 2rÞðDÞ
p

arccosh2 1 þ D
r

� � ð12Þ

where r is radius of the nanowire.

A simplistic approach for determining the vacuum

fluctuations among complex bodies is the proximity

force approximation (PFA). Based on the PFA, the

interacting systems with complex geometries are con-

sidered as summation of infinitesimal parallel surfaces

(Bordag et al. 2001; Emig et al. 2006). Based on the

PFA, the Casimir force for a conductive cylinder parallel

to a conductive plane is determined by differentiating

the energy as (Bordag et al. 2001; Emig et al. 2006)

fCas ¼
p3�hc

768

ffiffiffiffiffiffi
2r

D7

r
: ð13Þ

Finally, fext can be defined by summation of the elec-

trostatic and Casimir forces and replacing D with D – w in

relations (10)–(13) as:

fext ¼ felec þ fCas ¼

e0 erhV2

2ðD� wÞ2
1 þ 0:65

ðD� wÞ
h

� �
þ p2hch

240ðD� wÞ4
nanobeam

pe0erV2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðD� wþ 2rÞðD� wÞ

p
arccos h2 1 þ D� w

r

� �þ p3�hc

768

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2r

ðD� wÞ7
:

s
nanowire

8>>>>><
>>>>>:

ð14Þ
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2.2.3 Work Done by Centrifugal Force

According to D’Alembert principle, one can transform

an angular speed into an equivalent centrifugal force.

Hence, the contribution of the centrifugal force can be

modeled by considering the angular velocity of the

system. The centrifugal force per unit length of the

nanobeam, caused by rotation of a rotary machine, is

determined as (Azimloo et al. 2014; Shah-Mohammadi-

Azar et al. 2013)

fRot ¼ qhtðR� DÞx2; ð15Þ

where q, R, and x are the density of the nanobeam, the

rotary surface radius, and the angular speed of the rotary

surface, respectively. For the case of R � D, Eq. (15)

reduces to

fRot ¼ qhtRx2: ð16Þ

Similarly, the centrifugal force per unit length of the

nanowire, caused by rotation of a rotary machine, is

determined as (Azimloo et al. 2014; Shah-Mohammadi-

Azar et al. 2013)

fRot ¼ pqr2Rx2: ð17Þ

Now, the work done by centrifugal force for each wire/

beam element,VfRot
, can be determined as

VfRot
¼
ZL

0

Zw

0

fRotdwdX ð18Þ

2.2.4 Work Done by Beam/Wire Tip Resultants

For the U-shaped system, the stress resultants F and M are

induced by the electrostatic and Casimir attractions

between the rigid plate and the ground as well as the

angular speed. The work done by the moment traction,

VM, is obtained as:

VM ¼
Z owðLÞ

oX

0

M wðLÞ; owðLÞ
oX

� �
� d

owðLÞ
oX

ð19Þ

The work done by the force traction, VF, is determined as:

VF ¼
Z wðLÞ

0

F wðLÞ; owðLÞ
oX

� �
� dwðLÞ ð20Þ

ters are defined asated asdTo obtain appropriate

expression for F and M, the distributed forces act on the

plate are replaced with an equivalent concentrated force

acts at the distance of �x from the beam/wire tip (the

force center). The value of �x is determined from �x ¼
M=F relation. Using numerical computations, it is found

that for any geometry, the value of �x is approximately

constant for wide ranges of the deflection and slope

values (�x ¼ 0:5a� 0:52a). The overall error of the sim-

plification is less than 1% which is in the

acceptable range.

The force �F and moment �M are the summation of the

force and moment due to electrostatic, Casimir and cen-

trifugal forces. For a typical rigid plate with length of a,

and width of b, the force resultant (summation of the

electrostatic, Casimir and centrifugal forces) can be

approximated as:

�F ¼ Felec þ FCas þ FRot

¼ e0er
2

abV2

ðD� wðLÞ � �xw0ðLÞÞ2

þ p2�hcab

240ðD� wðLÞ � �xw0ðLÞÞ4
þ qabtRx2 ð21Þ

and the moment resultant is approximated as

�M ¼ Melec þ MCas þ MRot

¼ e0er
2

abV2�x

ðD� wðLÞ � �xw0ðLÞÞ2

þ p2�hcab�x

240ðD� wðLÞ � �xw0ðLÞÞ4
þ qa2btRx2

2
ð22Þ

The above relations describe the total forces and

moments induced by the tip-plate. It should be noted that

half of the forces and momentum resultants should be

considered as the contribution of each beam/wire.

2.2.5 Total Energy of the Beam/Wire

The total energy of the beam/wire can be summarized as:

P¼�1

2

ZL

0

EIþ4lAl2
� � o2w

oX2

� �2
" #

dX

þ
ZL

0

ZW

0

fextðXÞdWdXþ
Z owðLÞ

oX

0

M wðLÞ;owðLÞ
oX

� �
d
owðLÞ
oX

þ
Z wðLÞ

0

F wðLÞ;owðLÞ
oX

� �
dwðLÞ

ð23Þ

Now, by substituting Eqs. (14), (16), (17), (21), and (22)

in Eq. (23), considering some mathematical elaborations

the dimensionless total energy can be explained as:
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�P ¼ 1

2

Z1

0

1 þ dð Þ o2ŵ

ox2

� �2
" #

dx�
Z1

0

Zw

0

�Fð Þdwdx

þ
Z ŵð1Þ

0

# �Pþ �x½ �dŵ�
Z ŵ0ð1Þ

0

#Xns �Pþ �x
2X

	 

dŵ0

ð24Þ

where

�P ¼ b

ð1 � ŵð1Þ � Xnsŵ0ð1ÞÞ2
þ c

ð1 � ŵð1Þ � Xnsŵ0ð1ÞÞ4

ð25bÞ

In Eqs. (24) and (25), the dimensionless parameters are

defined as:

x ¼ X

L
; ŵ ¼ w

D
; n ¼ a

D
; s ¼ D

L
;

k ¼

D

h
nanobeam

D

2r
nanowire

8>><
>>:

; d ¼ lAl2

Eeff I
;

# ¼

ab

2hL
nanobeam

ab

4prL
nanowire

8>><
>>:

; X ¼ �x

a
;

c ¼

p2�hchL4

240EeffID5
nanobeam

p3�hcrL4

120Eeff ID5
nanowire

8>>><
>>>:

;

b ¼

e0erV2hL4

2EeffID3
nanobeam

e0erprV2L4

EeeffID3
nanowire

8>>><
>>>:

;

�x ¼

qhtRx2L4

EeffID
nanobeam

2prqtRx2L4

EeffID
nanowire

8>>><
>>>:

;

ð26Þ

3 Solving Methods

3.1 Rayleigh–Ritz Method

To employ the Rayleigh–Ritz method the displacement is

expressed as a combination of a complete set of indepen-

dent basis functions ui (x) in the form of:

ŵ xð Þ ¼
Xn
i¼1

qi/i xð Þ ð27Þ

where the index i refers to the number of modes included in

the simulation. The classical mode shapes of cantilever

nanobeam are used in the Rayleigh–Ritz method.

/i nð Þ ¼ cosh xinð Þ � cos xinð Þ

� cosh xið Þ � cos xið Þ
sinh xið Þ � sin xið Þ sinh xinð Þ � sin xinð Þð Þ

ð28Þ

where xi is the ith root of characteristic equation of the

cantilever beams based on the the classical theory. Mini-

mizing the total energy implies that:

o �P
oqi

¼ 0 i ¼ 0; 1; . . .;N ð29Þ

Substituting (24) and (27) into (29), assuming the

orthogonality of ui (x) and then following some straight-

forward mathematical operations, a system of governing

equations can be fined as:

1 þ d½ �x4
i qi �

Z1

0

/ið �FR þþ �xÞdx

� # �PR þ �x½ �/ijx¼1�#Xns �PR þ
�x

2X

	 

/0
i

����
x¼1

¼ 0

i ¼ 1; 2; . . .;N

ð30Þ

where:

�F ¼
b

1

ð1 � ŵÞ2
þ 0:65

k

ð1 � ŵÞ

" #
þ c

1 � ŵð Þ4
þ �x nanobeam

2k
3
2bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 � ŵÞ½1 þ �kð1 � ŵÞ�
p

arccos h2ð1 þ 2�kð1 � ŵÞÞ
þ 5k

1
2c

16ð1 � ŵÞ
7
2

þ �x
4

nanowire

8>>>><
>>>>:

ð25aÞ
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�PR ¼ b

1 �
PN
j¼1

qj/j � Xns
PN
j¼1

qj/
0
j

 !2

þ c

1 �
PN
j¼1

qj/j � Xns
PN
j¼1

qj/
0
j

 !4

ð31bÞ

Finally, the MAPLE commercial software is employed

to solve the system of equations numerically.

3.2 Lumped Parameter Model (LPM)

The LPM assumes uniform force distribution along the

beam length (Lin and Zhao 2005) as shown in Fig. 2.

The mechanical response of the beam/wire is expressed

by a linear elastic spring

Kwtip ¼ f ð32Þ

where f is the total force acting on the beam/wire.

For U-shaped device, the total deflection is the summation of

three values, i.e., the deflection of the beam subjected to (a)

uniform load of fext and fRot along the beam/wire, (b) a force of F

at the free end, and (c) a moment of M at the free end. These three

deflections can be determined by superposition of three serial

springs with the spring constants ofK1,K2, andK3, respectively.

Hence, the elastic stiffness of the U-shaped sensor can be

determined as:

K ¼ 1

K1

þ 1

K2

þ 1

K3

	 
�1

¼ 8ðEeffI þ 4lAl2Þ
L3

� ��1

þ 6f ðEeffI þ 4lAl2Þ
FL2

� ��1
"

þ 4f ðEeffI þ 4lAl2Þ
ML

� ��1

��1 ¼ 24f EeffI þ 4lAl2ð Þ
3fL3 þ 4FL2 þ 6ML

ð33Þ

By substituting the stiffness (Eq. (33) and the force terms

in (32), the governing equations of the nanostructures are

easily obtained. Finally, using the dimensionless relations

(26), the relation between the nondimensional deflection,

wtip, and the nondimensional voltage, b, is obtained as

�FR ¼

b
1

1 �
PN
j¼1

qj/j

 !2
þ 0:65

k

1 �
PN
j¼1

qj/j

 !

2
666664

3
777775
þ c

1 �
PN
j¼1

qj/j

 !4
þ �x nanobeam

2k
3
2bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 �
PN
j¼1

qj/j

 !vuut 1 þ �k 1 �
PN
j¼1

qj/j

 !" #
arccosh2 1 þ 2�k 1 �

PN
j¼1

qj/j

 ! !þ 5k
1
2c

16 1 �
PN
j¼1

qj/j

 !7
2

þ �x
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Fig. 2 The schematic configuration of LPM of U-shaped sensors
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The pull-in parameters of the sensors can be obtained

from Eqs. (34) by setting db/dŵtip = 0.

4 Results and Discussion

4.1 Validation

To examine the accuracy of the theoretical model the

obtained results are compared with the experiment and

COMSOL simulation data (Qian et al. 2012). Qian et al.

measured the pull-in voltage of the U-shaped NEMS made

of silicon nanobeams (Qian et al. 2012). Their NEMS

consists of a capacitive rigid plate with 2 lm length and

4 lm width supported by two nearly square cross-section

nanobeams with 5 lm length and 145 nm initial gap.

Table 1 presents a comparison between the present theo-

retical model and those of experiments and COMSOL

simulation (Qian et al. 2012). As seen, a good agreement is

observed between the proposed model and those of

experiments and simulation. This implies the reliability of

the present model in determining the instability voltage of

the systems.

4.2 Results

The deflection of U-shaped sensor as a function of applied

voltage is demonstrated in Fig. 3. As seen from this figure,

Table 1 Pull-in voltage comparison between the proposed solution

and experimental reports (Qian et al. 2012)

Case Experiment

(Qian et al. 2012)

COMSOL

(Qian et al. 2012)

RRM

Pull-in

voltage (V)

1.12 1.04 1.034

Error* (%) – 7.1 7.7

* Relative with experiment

Fig. 3 Tip displacement variation of the U-shape sensor for different

values of b (k = 6, n = 0.5, s = 0.2, # = 0.2, X = 0.5 and d = 0);

a nanobeam, neglecting the Casimir and centrifugal forces, b nanobeam,

considering Casimir force and no centrifugal force (c = 0.2, �x ¼ 0),

c nanobeam, considering centrifugal force and no Casimir force (c = 0.0,

�x ¼ 0:2), d nanowire, neglecting the Casimir and centrifugal forces,

e nanowire, considering Casimir force and no centrifugal force (c = 0.2,
�x ¼ 0), f nanowire, considering centrifugal force and no Casimir force

(c = 0.0, �x ¼ 0:2)
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increasing the dimensionless voltage (b) leads to an

increase in the deflection. Figure 3a, d show the variation

of the beam/wire deflection in the absence of the Casimir

and centrifugal forces (c ¼ �x ¼ 0). Figure 3b, e demon-

strate the bending of the sensors in the presence of the

Casimir force without any centrifugal force (c = 0.2,

�x ¼ 0). Figure 3c, f illustrate the deflection of the sensors

by ignoring the Casimir force and considering a positive

value of the centrifugal force (c = 0, �x ¼ 0:2). As shown

in these figures, a positive value of the centrifugal force

reduces the instability voltage while slightly enhances the

pull-in deflection of the system. Moreover, these fig-

ures reveal that both pull-in voltage and pull-in deflection

are reduced in the presence of the Casimir force.

Figure 4 shows the effects of the scale-dependency on the

instability parameters of the system. The size phenomenon

should be taken into account for precise modeling of the

sensors made of size-dependent materials such as metals

(Lam et al. 2003; McFarland and Colton 2005). The zero

value of d denote the classic continuum theory results. This

figure reveals that the pull-in characteristics enhance by

increasing the size parameter (d). Figure 4 demonstrates that

by considering the size dependency (for d = 1) the pull-in

voltage of nanobeam based on the CCST is 2.2 times greater

than classical results. Similarly, the size-dependent theory

predicts the pull-in voltage of nanowire 2.1 times greater

than classical theory. A comparison between Fig. 4b, d

demonstrates that while the size dependency don’t change

the pull-in deflection of nanowire significantly (2.8%), the

CCST leads to a 6.6% increase in the pull-in deflection of

nanobeam.

Figure 5 examine the impact of centrifugal force on the

pull-in voltage of the sensor. This figure reveals that for

positive values of centrifugal force, the pull-in voltage

reduces by enhancing the angular speed. In contrast, the

pull-in voltage grows up by increasing the angular

velocity when negative centrifugal force is applied. Fig-

ure 5 demonstrates that the centrifugal force change the

pull-in parameters of nanobeam more significantly than the

pull-in characteristic of nanowire.

The critical values of centrifugal force, �xcr, can be

acquired by setting b = 0 and then solving the governing

equation. For �x greater than critical value of centrifugal

force ( �xcr [ �xcr), stiction occurs and no solution exists.

The maximum allowed length of the beam/wire Lmax, to

avoid the stiction is a critical parameter in NEMS design

Fig. 4 The variation of the bPI

and ŵPI (x = 1) versus d for

different values of # (k = 6,

n = 0.25, s = 0.1, X = 0.5,
�x ¼ 0 and c = 0.1);

a nanobeam, bPI b nanobeam,

ŵPI (x = 1) c nanowire, bPI

d nanowire, ŵPI (x = 1)
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and fabrication (Lin and Zhao 2005). The value of Lmax can

be determined by determining �xcr (considering b = 0 and

solving Eq. (25), and then substituting �xcr into the defini-

tion of �x (Eq. 25). The Lmax variation as a function of the

R and x is illustrated in Fig. 6. The values of R = 5 cm,

R = 0.5 m and R = 5 m are for the radii of typical cen-

trifuge rotor, airplane propeller and helicopter blade,

respectively. The rigid plate has the length of 1 lm and

width of 1 lm. As shown in this figure, it can be said that

for small separation (D = 20 nm), the x value does not

substantially affect the Lmax of the beam/wire; while, at

larger distances (D = 200 nm), increasing the x value

leads to significant reduce in Lmax of the beam/wire.

Moreover, increasing the angular speed decreases the Lmax.

Fig. 5 The variation of bPI and

ŵPI (x = 1) versus �x for

different values of # (k = 5,

n = 0.25, s = 0.25, X = 0.5,

d = 0 and c = 0.15);

a nanobeam, bPI b nanobeam,

ŵPI (x = 1) c nanowire, bPI

d nanowire, ŵPI (x = 1)

Fig. 6 Variation of the Lmax as

a function of the R and x in the

presence of centrifugal force

( �x 6¼ 0) for typical gold

U-shaped sensors (E = 80 GPa,

q = 19.3 g/cm3, d = 0,

a = 1000 nm and

b = 1000 nm); a nanobeam

b nanowire
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5 Conclusions

Herein, the influence of centrifugal force on the instability

behavior of U-shaped sensor operated in Casimir regime is

investigated. A size dependent model based on the CCST

was developed to incorporate the size phenomenon on the

governing equation of each nanostructure. The constitutive

equations are solved using two different solution methods.

The obtained results reveal that for positive values of the

centrifugal force, the pull-in voltage decreases as the

angular speed increases. On the other hand, for negative

values of the centrifugal force, an increase in the angular

velocity increases the stability threshold of these systems.

The variation of the detachment length of the freestanding

sensors as a function of the centrifugal force was deter-

mined. While the Casimir force reduces the instability

threshold, the pull-in voltage is increased by enhancing the

size parameter. The pull-in characteristics and the critical

value of Casimir force were significantly affected by geo-

metrical characteristics of the structures. The results of

presented model are in good agreement with those of lit-

erature. While less precise results can be provided using

LPM, however, this model simply explains the instability

behavior without mathematical complexity. The obtained

results are beneficial to design and fabrication of U-shaped

systems.
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